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Abstract
Let n be a positive integer and ‖ · ‖ any norm inR2. Denote by B the unit ball of ‖ · ‖ andPB,n the
class of convex lattice polygons with n vertices and least ‖ · ‖-perimeter. We prove that after suitable
normalization, all members ofPB,n tend to a ﬁxed convex body, as n→∞.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction and results
Let n ∈ N be a positive integer. A convex lattice n-gon is a convex polygon with n
vertices all lying on the Z2-lattice. Consider the class of convex lattice n-gons having the
least perimeter with respect to some norm. Such polygons were studied in [8,9] for the case
of the p-norm where p is a positive integer or ∞. In particular, in [8] the expression for
the q -perimeter is given, for the convex lattice polygons having the minimal p-perimeter,
with respect to the number of vertices, where p, q are positive integers or ∞. In [9] it is
proved that as n → ∞, the south-east arc of the convex lattice polygons having minimal
E-mail address: maria@math.ucl.ac.uk.
1 Part of this work was done while the author was visiting theMathematical Institute of the HungarianAcademy
of Sciences. The author was supported by the “Combinatorial Structure of Intractable Problems” project carried
out byAlfréd Rényi Institute ofMathematics—HungarianAcademy of Sciences, in the framework of the European
Community’s ‘Human Resource and Mobility’ program.
0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.07.002
140 M.N. Prodromou / Discrete Mathematics 300 (2005) 139–151
p-perimeter tend, after a suitable scaling, to a curve which is given parametrically. The
class of convex lattice polygons with minimal perimeter and its connection to other classes
of convex lattice polygons was also studied in [11]. Also, in [12], it is proved that there is
a limit shape for the class of convex lattice polygons having minimal L∞ diameter with
respect to the number of vertices.
In this paper, we consider the general case. Let ‖ · ‖ be any norm in R2 and denote by B
its unit ball. Let n ∈ N be a positive integer. Denote by PB,n the set of all convex lattice
n-gons with least perimeter with respect to ‖ · ‖. We will call every member of PB,n a
minimizer and denote it by Q(n). The perimeter of the minimizer Q(n) will be denoted
by per(n). Since the perimeter is invariant under lattice translations, we will be assuming
thatQ(n) is centered at the origin. When n is an even number, this is immediate, since the
minimizer can be chosen to be centrally symmetric. When n is odd, Q(n) is not centrally
symmetric, but by placing the center of gravity ofQ(n) at the origin, the assumption holds
asymptotically.
The question we are dealing with in this paper is, whether a limit shape for the members
ofPB,n exists, as n→∞, i.e. as the number of vertices tend to∞ do all minimizers, after
suitable normalization, tend to a ﬁxed convex body? We prove the following limit shape
theorem.
Theorem 1.1. Let n ∈ N be a positive integer and u ∈ R2 a unit vector. Let hQ(n)(·) be
the support function of the minimizerQ(n). Then,
lim
n→∞ n
−3/2hQ(n)(u)= 14
√
6(AreaB)3
∫
x∈B
|x · u| dx.
It is sometimes more ‘convenient’ to express a polygon as the convex hull of its vertices.
The limit of the vertices ofQ(n) is given in the following:
Theorem 1.2. Let u ∈ R2 be any unit vector and let z(u) be the vertex of the minimizer
Q(n) which satisﬁes u · z(u)=max{u · x, x ∈ Q(n)}. Then
lim
n→∞ n
−3/2z(u)= 1
2
√
6(AreaB)3
∫
x∈B
x·u0
x dx.
This means that the members of PB,n have a ‘limit shape’. We only prove Theorem
1.1. Theorem 1.2 can be proved using similar arguments. Note that the result of [8] can be
recovered from Theorem 1.2 for B the unit ball of the p norm.
The proof is done in three steps. First, we obtain the expression for the perimeter and
the limit shape of Q(n) for a certain subsequence {nk}∞k=0 of N, extend the results for
any even number and then for any odd number. The cases of nk-gons and 2m-gons are
straightforward. Most of the difﬁculty lies in the case when n is an odd number.
It is worth mentioning that limit shape theorems have been also studied for example in
[2,7,10]. It is proved that as n→∞ almost all convex (1/n)Z2 lattice polygons contained
in the square [−1, 1]2 are very close to a ﬁxed convex body. The proofs of this result are
essentially different from ours and are more involved, since the size of this class of polygons
is asymptotically exp cn2/3.
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2. Preliminaries
Let P be the set of primitive vectors z ∈ Z2, i.e. lattice points whose components are
co-prime.
Let K ⊂ R2 be a convex body. The support function of K is given by
hK(u)=max{x · u : x ∈ K, ‖u‖ = 1}.
A zonotope Z ⊂ R2 is a convex body that is the Minkowski sum of ﬁnitely many line
segments, Z =∑mi=1 [xi, yi].
Let t → |P∩ tB|, t ∈ [0,+∞) be a step function with steps {tk}∞k=0, tk < tk+1, k ∈ N
and discrete values {nk}∞k=0. Then nk is the number of primitive vectors contained in tkB
and there are no primitive vectors in the interior of tk+1B\tkB. It is easy to see that for the
case of the nk-gon, since the set {p : p ∈ P∩ tkB} consists of the shortest nk integer vectors
which sum to zero, the minimizerQ(nk) will be the zonotope
Q(nk)=
∑
p∈P∩tkB
[0, p]. (1)
Note that in this case, the minimizer is unique (up to lattice-translations). For convenience
we will be considering thatQ(nk) is the 0-symmetric zonotope
Q(nk)= 12
∑
p∈P∩tkB
[
−p
2
,
p
2
]
,
which is a translated copy of (1). It need not be a lattice polygon but it has the same perimeter
as (1).
By , we denote the Möbius function,
(d)=
{1 if d = 1,
0 if p2|d, for some prime p,
(−1)k if d = p1p2 . . . pk, where pi’s are distinct primes.
We mention here two properties of  which will be used in the proof of Lemma 2.1 below.
For details see [1,4].
(i)
∑
d|k
(d)=
{
1 k = 1,
0 otherwise.
(ii)
∞∑
d=1
(d)
d2
= 1
(2)
where  is the Riemann zeta function, (k)=∑∞d=11/dk .
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In the proofs we will repeatedly need to compute sums of the form
∑
p∈P∩tB f (p), for
certain functions f. We prove here the following slightly more general case and apply it
when needed.
Lemma 2.1. Let f : R2 → R be a homogenous function of order 0, i.e. f (x) =
||f (x),  ∈ R. Assume that |f (x)|kB , for x ∈ B, where kB is a constant depending
on B and that the variation of f on any unit square Q intersecting B is at most 2. Then
∑
p∈P∩tB
f (p)= t+2
{
6
2
∫
x∈B
f (x) dx + O
(
log t
t
)}
.
Proof.
∑
p∈P∩tB
f (p)=
∑
z∈Z2∩tB
z=(x,y)
f (z)

 ∑
d|x,d|y
(d)

= ∞∑
d=1
(d)
∑
z=(x,y)∈Z2∩tB
d|x,d|y
f (z)
=
∞∑
d=1
(d)
∑
z∈Z2∩ t
d
B
f (dz)=
t∑
d=1
(d)
∑
z∈Z2∩ t
d
B
df (z)
=
t∑
d=1
d(d)
{
t+2
d+2
∫
x∈B
f (x) dx + O
(
t
d
per
(
t
d
B
))}
=
t∑
d=1
d(d)
{
t+2
d+2
∫
x∈B
f (x) dx + O
(
t+1
d+1
)}
= t+2
{
t∑
d=1
(d)
d2
∫
x∈B
f (x) dx + O
(
1
t
t∑
d=1
|(d)|
d
)}
= t+2
{
6
2
∫
x∈B
f (x) dx + O
(
log t
t
)}
.
In the third line one can replace the sumby the integral since
∑
z∈Z2∩rB f (z)=
∫
x∈rB f (x) dx+ E, where the error term E is small. We have,
∣∣∣∣∣∣
∑
z∈Z2∩rB
f (z)−
∫
x∈rB
f (x) dx
∣∣∣∣∣∣
r perB max
x∈rB |f (x)| + Area(rB) maxx,y∈Q(z)⊂rB |f (x)− f (y)|
r+1 perB max
x∈B |f (x)| + 2r
2 AreaB
r+1kB perB + 2r2 AreaB,
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where Q(z) is a unit square intersecting rB and centered at z ∈ Z2 with z ∈ rB. For more
details see Lemma 1 or 2 in [3]. The last equality comes from the facts
t∑
d=1
|(d)|
d

t∑
d=1
1
d
< log t,
∞∑
d=1
1
d2
= 
2
6
and ∣∣∣∣∣
t∑
d=1
(d)
d2
− 6
2
∣∣∣∣∣=
∣∣∣∣∣
∞∑
d=t+1
(d)
d2
∣∣∣∣∣ 
∞∑
d=t+1
|(d)|
d2

∞∑
d=t+1
1
d2
<
1
t
. 
An immediate consequence of Lemma 2.1, for f ≡ 1, is the following well-known result
(see for instance [3,5]).
Lemma 2.2. The number of primitive integers contained in tkB, tk > 0 is
nk = |P ∩ tkB| = t2k
{
6
2
AreaB + O
(
log tk
tk
)}
.
Remark 1. In Section 4 we will see that a minimizerQ(n), when n is even with nkn<
nk+1, contains all nk primitive vectors from tkB as edges and does not contain any edges
longer than tk+1. Thus, a non-primitive integer vector z, with ‖z‖ tk+1 cannot appear as
an edge ofQ(n), as it will contain a primitive vector that has been used.
In Section 5 we will see that this is not necessarily true for a minimizerQ(n), when n is
odd. In this case, not all primitive vectors from tkB are necessarily used as edges of Q(n)
and there can be minimizers whose edges are not all primitive vectors. It is not hard to see
that these can only come from the set of edges that appear ‘alone’, i.e. z is an edge Q(n)
but −z is not. Indeed, if there is a pair of edges ±v from Z2\P, then it contains a pair ±p
from P of shorter, primitive vectors that have not appeared as edges. Replacing ±v with
±p gives a polygon with smaller perimeter. Hence, the only possible non-primitive edges
come from the set of edges that appear alone and in Section 5 we will prove that these are
few and short.
3. nk-case
3.1. The perimeter ofQ(nk)
We saw in the previous section that for the subsequence {nk}∞k=0 of N, the minimizer is
Q(nk)=∑p∈P∩tkB [−p/2, p/2]. Thus, the perimeter ofQ(nk) is
per(nk)=
∑
p∈P∩tkB
‖p‖.
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Applying Lemma 2.1, for f (x)= ‖x‖, we get
Lemma 3.1. The perimeter per(nk) ofQ(nk) is
per(nk)= t3k
{
6
2
∫
x∈B
‖x‖ dx + O
(
log tk
tk
)}
.
We will also need to have an expression of the perimeter in terms of the number of
vertices. We have that nk = O(t2k ) and tk = O(n1/2k ) from Lemma 2.1. From the expression
of nk , it is easy to see that∣∣∣∣tk − √6AreaB n1/2k
∣∣∣∣ c log nk ,
so,
tk = n1/2k
{
√
6AreaB
+ O
(
log nk√
nk
)}
.
Now, by replacing tk in the expression for the perimeter and applying Lemma 2.1 we get
per(nk)= n3/2k
(
√
6AreaB
+ O
(
log nk√
nk
))3 6
2
∫
x∈B
‖x‖ dx + O(nk log nk)
= n3/2k
6
2
3√
(6AreaB)3
∫
x∈B
‖x‖ dx
(
1+ O
(
log nk√
nk
))3
+ O(nk log nk)
= n3/2k
√
6(AreaB)3
∫
x∈B
‖x‖ dx + O(nk log nk).
Thus,
per(nk)= n3/2k
{
√
6(AreaB)3
∫
x∈B
‖x‖ dx + O
(
log nk√
nk
)}
.
3.2. The support function ofQ(nk)
For every u ∈ R2 with ‖u‖ = 1, denote by hQ(nk)(u) the support function ofQ(nk), i.e.
hQ(nk)(u)=max{x · u : x ∈ Q(nk)}. It is known that for a zonotope Z =
∑k
i=1 Si , where
Si = [−ivi , ivi], the support function is given by hZ(u)=∑ki=1 i |u · vi |, where i > 0
(see [6]). SinceQ(nk) is a 0-symmetric zonotope, we have the following:
Proposition 3.1. The support function of the minimizerQ(nk) is given by
hQ(nk)(u)=
t3k
4
{
6
2
∫
x∈B
|x · u| dx + O
(
log tk
tk
)}
,
for all u ∈ R2, ‖u‖ = 1.
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Proof. We have that
hQ(nk)(u)=
∑
p∈P∩tkB
p·u0
∣∣∣p2 · u
∣∣∣= 14
∑
p∈P∩tkB
|p · u|
= t
3
k
4
{
6
2
∫
x∈B
|x · u| dx + O
(
log tk
tk
)}
.
where again we applied Lemma 2.1, for f (x)= |x · u|. In terms of nk ,
hQ(nk)(u)= n3/2k
{

4
√
6(AreaB)3
∫
x∈B
|x · u| dx + O
(
log nk√
nk
)}
. 
Since the support function is known asymptotically,Q(nk) is determined, i.e.
Q(nk)= {x ∈ R2 : x · uhQ(nk)(u), u ∈ R2, ‖u‖ = 1}.
4. 2m case
Letn=2mbe an arbitrary even (positive) integer.There is k ∈ N such thatnk2m<nk+1.
The convex lattice 2m-gon,Q(2m) can be constructed by adding to the set of edges ofQ(nk)
any disjoint set of (2m−nk) primitive vectors from tk+1B whose sum is zero. Since an even
number of vertices is missing, an easy and obvious choice is a union of sets {q,−q}, q ∈
tk+1B. Since the shortest available vectors are used, the polygon will have minimal perime-
ter. In this case the minimizer Q(2m) is not unique, since the set of (2m − nk) primitive
vectors from tk+1B that can be used is not unique. Considering the 0-symmetric zonotope,
we have that
Q(2m)=
nk∑
i=1
pi∈P∩tkB
[
−pi
2
,
pi
2
]
+
2m∑
j=nk+1
qj∈P∩bd(tk+1B)
[
−qj
2
,
qj
2
]
.
4.1. The perimeter ofQ(2m)
We will need the following two remarks.
Remark 2. Let n be any positive integer. Then, per(n)per(n+ 1).
Proof. Indeed, letQ(n+ 1) be the convex lattice (n+ 1)-gon with perimeter per(n+ 1). If
we remove any of its vertices and take the convex hull of the remaining n, we get a convex
lattice n-gon with perimeter say per′(n). Obviously, per′(n)per(n + 1). Since per(n) is
the least perimeter of a convex lattice n-gon, we have per(n)per′(n)per(n+ 1). 
Remark 3. |nk+1 − nk| = O(tk+1).
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Proof. From the deﬁnition of the sequence nk it is clear that |nk+1 − nk| is the number of
primitive vectors on the boundary of tk+1B. Therefore,
|nk+1 − nk| = |P ∩ bd(tk+1B)| |Z2 ∩ bd(tk+1B)|ctk+1,
where the constant c > 0 depends on the perimeter of the unit ball B. So, |nk+1 − nk| =
O(tk+1). 
Lemma 4.1. The perimeter ofQ(n), for n= 2m is
per(n)= n3/2
{
√
6(AreaB)3
∫
x∈B
‖x‖ dx + O
(
log n√
n
)}
.
Proof. From the previous remarks we have,
|per(nk+1)− per(n)| = |(per(nk)+ |nk+1 − nk|tk+1)− (per(nk)+ |n− nk|tk+1)|
 |nk+1 − n|tk+1 |nk+1 − nk|tk+1ct2k+1.
So, per(n)= per(nk+1)+ O(t2k+1). Therefore, for n even, the perimeter in terms of n is
per(n)= n3/2
{
√
6(AreaB)3
∫
x∈B
‖x‖ dx + O
(
log n√
n
)}
.  (2)
4.2. The support function ofQ(2m)
Similarly to the nk case, let u ∈ R2 be a unit vector and n= 2m.
Proposition 4.1. The support function of the minimizerQ(n), for n= 2m is given by
hQ(n)(u)= n3/2
{

4
√
6(AreaB)3
∫
x∈B
|x · u| dx + O
(
log n√
n
)}
,
for all u ∈ R2, ‖u‖ = 1.
Proof. The support function ofQ(n) is
hQ(n)(u)=
nk∑
i=1
pi∈P∩tkB
pi ·u0
∣∣∣pi2 · u
∣∣∣+ 2m∑
j=nk+1
qj∈P∩bd(tk+1B)
qj ·u0
∣∣∣qj2 · u
∣∣∣ .
For the second sum, since any two norms on the plane are equivalent, we may assume that
c1‖qj‖2‖qj‖c2‖qj‖2. Thus we have,
2m∑
j=nk+1
qj∈P∩bd(tk+1B)
qj ·u0
∣∣∣qj2 · u
∣∣∣  14
2m∑
j=nk+1
‖qj‖ · ‖u‖ = 14c1 |2m− nk|tk+1cnk+1.
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So,
2m∑
j=nk+1
qj∈P∩bd(tk+1B)
qj ·u0
∣∣∣qj2 · u
∣∣∣= O(nk+1)= O(n).
The ﬁrst sum is hQ(nk). So hQ(nk) and hQ(n) differ by O(n) at most. Therefore, for n= 2m
hQ(n)(u)= n3/2
{

4
√
6(AreaB)3
∫
x∈B
|x · u| dx + O
(
log n√
n
)}
.  (3)
5. n= 2m+ 1 case
Let n= 2m+ 1 be a positive odd number. Let k ∈ N be such that nk <n<nk+1. Since
nk, nk+1 are even numbers, we have that nkn − 1<n<n + 1nk+1. The minimizer
Q(n) when n is an odd number, cannot be centrally symmetric. The choice of the set of
2m+ 1 vectors which sum to zero to giveQ(n) is not immediate as in the case of an even
number. We saw that for an even number 2m with nk2m<nk+1, all edges are primitive
vectors. Also, all primitive vectors from tkB are used and no primitive vectors longer than
tk+1 are used. In this case we will see that none of these is necessarily true. I.e. not all of
the nk edges of Q(nk) are used and some vectors may not be from tk+1B. Therefore, we
need to know an upper bound for the length of the edges used. As we saw in Remark 1,
the edges that are not primitive vectors come from the set of edges that appear ‘alone’. We
will also need to know the size of this set of edges. We estimate these quantities in the next
three lemmas.
Lemma 5.1. The length of the edges ofQ(n) is at most 2tk+1.
Proof. Suppose there is one edge of Q(n) longer than 2tk+1. Then, from the deﬁnition of
the minimizer for an even number of vertices we have
per(2m+ 2)= per(2m)+ 2tk+1< per(2m+ 1).
Using Remark 2 we get, per(n)per(n + 1)< per(n), impossible. Thus, all vectors used
have length at most 2tk+1. 
Lemma 5.2. The number of vectors not chosen in pairs is bounded above by c ·n3/4√log n,
where c is a positive constant.
Proof. Let {±ui, i ∈ I }, {vj , j ∈ J } be the edges of Q(n). I.e. 2|I | pairs of primitive
vectors and |J | single integer vectors of length at most 2tk+1 which sum to zero, with
2|I | + |J | = n. We need to know how many of the used vectors do not come from tkB. For
this, we need an upper bound for |J |. Consider the following sets of vectors:
U1 = {±ui, i ∈ I,±vj , j ∈ J }, U2 = {±ui, i ∈ I }.
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The vectors in both sets sum to zero and the sum of their lengths is obviously 2 per(n).
Using Remark 2 we have
2 per(n+ 1)2 per(n)=
∑
u∈U1
‖u‖ +
∑
v∈U2
‖v‖
per(2(|I | + |J |))+ per(2|I |)
= per(n+ |J |)+ per(n− |J |).
Thus, we have
2 per(n+ 1)per(n− |J |)+ per(n+ |J |). (4)
Since in (4) the numbers n+ 1, n− |J |, n+ |J | are all even, we can use expression (2) for
the perimeter for an even number of vertices and obtain an upper bound for |J |. In (2), set
D = /
√
6(AreaB)3
∫
x∈B ‖x‖ dx and A for the constant implied by O notation. We know
that |J |<n, but we need a slight improvement of this. From (4), we have, 2(n+1)3/2D(1+
(1/D)E1)> per(n− |J |)+ per(n+ |J |)> per(n+ |J |)= (n+ |J |)3/2D(1+ (1/D)E2),
where E1, E2 are the error terms. Since (5/3)3/2> 2, for n sufﬁciently large, this gives(
5
3
n
)3/2
D(n+ |J |)3/2D
and hence |J |<( 53 − 1)n= 23n. Inequality (4) is written
2(n+ 1)3/2
{
D + A log(n+ 1)
(n+ 1)1/2
}
(n− |J |)3/2
{
D − A log(n− |J |)
(n− |J |)1/2
}
+ (n+ |J |)3/2
{
D − A log(n+ |J |)
(n+ |J |)1/2
}
= {(n− |J |)3/2 + (n+ |J |)3/2}D
− A{(n− |J |) log(n− |J |)
+ (n+ |J |) log(n+ |J |)}.
From 0< |J |< 23n we have,
(n− |J |) log(n− |J |)+ (n+ |J |) log(n+ |J |)< 83 n log n+ 53 n log 53
< 3n log n.
So,
2D
(
1+ 1
n
)3/2
+ 2A log n√
n

{(
1− |J |
n
)3/2
+
(
1+ |J |
n
)3/2}
D − 3A log n√
n
.
So, {(
1− |J |
n
)3/2
+
(
1+ |J |
n
)3/2}
D2D
(
1+ 1
n
)3/2
+ 5A log n√
n
.
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Using the Taylor expansion of the functions (1 + x)3/2 and (1 − x)3/2, for x ∈ (0, 1) we
get (
1− |J |
n
)3/2
+
(
1+ |J |
n
)3/2
2
(
1+ 3
8
|J |2
n2
)
and (1+ 1/n)3/2< 1+ 2/n+ 1/n2< 1+ 3/n. So(
1+ 3
8
|J |2
n2
)
D<D
(
1+ 3
n
)
+ 5
2
A
log n√
n
,
from which we ﬁnally get
|J |<cn3/4√log n.  (5)
WriteEn={±ui, i ∈ I, qj , j ∈ J } for the set of edges ofQ(n) andEnk+1 =P∩ tk+1B
for the set of edges ofQ(nk+1). The next lemma shows that En and Enk+1 only differ by a
small number.
Lemma 5.3. |Enk+1En|2|J | + c′√nk+1< 3cn3/4
√
log n.
Proof. Write I = Iins ∪ Iout for the edges ofQ(n) that appear in pairs, where Iins, Iout are
the pairs that come from inside and outside tk+1B, respectively. We consider two cases.
Suppose Iout = . Then if {−p, p} is a pair of vectors inside tk+1B, either {−p, p} ∈
En or one of the vectors −p, p is an edge of Q(n), since, if {−p, p} /∈En, then replacing
a pair ±pi, i ∈ Iout with {−p, p} would give a polygon with smaller perimeter which
is impossible. Then only single vectors from inside tk+1B are missed. But since tk+1B is
symmetric, the number of single vectors missed from tk+1B is equal to the number of single
vectors used from tk+1B. But the total number of single edges of Q(n) is |J |. So, at most
|J | vectors are inside tk+1B but not in En, i.e. |Enk+1\En| |J |. Then, at least |nk+1− |J ||
edges ofQ(n) come from inside tk+1B and therefore at most |n− (nk+1 − |J |)| remain to
be used from outside. So,
|En\Enk+1 | |n− (nk+1 − |J |)| |nk+1 − n| + |J |< |nk+1 − nk| + |J |
c′√nk+1 + |J |.
So,
|Enk+1En|2|J | + c′
√
nk+1< 3cn3/4
√
log n.
Suppose Iout =. Then no edges of Q(n) that appear in pairs come from outside tk+1B.
So, only single edges of Q(n) come from outside tk+1B. Therefore, the number of edges
of Q(n) that come from outside tk+1B is at most the number of single edges of Q(n), i.e.
|En\Enk+1 | |J |. Also, all |I | pairs of edges of Q(n) come from inside tk+1B, so, at least
2|I | of the vectors of tk+1B are used inQ(n). Therefore, at most |nk+1 − 2|I || vectors are
missed out, i.e.
|Enk+1\En| |nk+1 − 2|I || = |nk+1 − (n− |J |)| |nk+1 − nk| + |J |
c√nk+1 + |J |.
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So,
|Enk+1En|2|J | + c′
√
nk+1< 3cn3/4
√
log n. 
5.1. The perimeter ofQ(2m+ 1)
We have that |Enk+1En|< 3cn3/4
√
log n and the length of the edges of Q(n) cannot
exceed 2tk+1. So, for the perimeter ofQ(n) we have
|per(nk+1)− per(n)| =
∑
p∈Enk+1En
‖p‖ |Enk+1En|2tk+16c′n5/4
√
log n.
Therefore,∣∣∣∣∣per(n)− n3/2 √6(AreaB)3
∫
x∈B
‖x‖ dx
∣∣∣∣∣ c′′n5/4
√
log n,
so,
per(n)= n3/2
{
√
6(AreaB)3
∫
x∈B
‖x‖ dx + O
(√
log n
n1/4
)}
.
5.2. The support function ofQ(2m+ 1)
Let u ∈ R2 be a unit vector. SinceQ(n) has an odd number of vertices, it is not centrally
symmetric. In this case, it sufﬁces to place the center of gravity of Q(n) at the origin.
Indeed, Q(n) is the polygon which is the Minkowski sum of the 0-symmetric zonotope
Z1 = ∑i∈I ± ui and the polygon P2 = ∑j∈J qj . If we choose P2 so that the edges{qj , j = 1, . . . |J |} are numbered in increasing order according to their slopes and place
q1 at the origin, then it is easy to see that P2 is contained in a ball of diameter at most
|J | · √ncn5/4√log n. Then, for the center of gravity x0 of Q(n) after normalization
we get ‖x0‖√log n/n1/4 and the assumption holds asymptotically. So, for the support
function ofQ(n), for n odd, we have,
∣∣∣∣∣hQ(n)(u)− n3/2 4√6(AreaB)3
∫
x∈B
|x · u| dx
∣∣∣∣∣ c′n log n+ c′′n5/4
√
log n
cn5/4
√
log n.
Therefore, for n= 2m+ 1 odd
hQ(n)(u)= n3/2
{

4
√
6(AreaB)3
∫
x∈B
|x · u| dx + O
(√
log n
n1/4
)}
. (6)
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6. The limit shape theorem
Let n ∈ N be an arbitrary positive integer. We can now prove Theorems 1.1 and 1.2, i.e.
for given n ∈ N the set of minimizers, after the appropriate normalization, tends to a ﬁxed
convex body. We only prove Theorem 1.1; Theorem 1.2 can be shown similarly.
Proof of Theorem 1.1. From expressions (3) and (6), for any n ∈ N we have∣∣∣∣∣hQ(n)(u)n3/2 − 4√6(AreaB)3
∫
x∈B
|x · u| dx
∣∣∣∣∣ c′
√
log n
n1/4
.
Therefore,
lim
n→∞ n
−3/2hQ(n)(u)= 14
√
6(AreaB)3
∫
x∈B
|x · u| dx. 
It would be interesting to see whether this result holds when B is not the unit ball of a
norm. Let B ⊂ R2 be a convex body, with center of gravity at the origin (not necessarily
0-symmetric). Is there a limit shape for the convex lattice polygons with minimal perimeter
with respect to their vertices, when the perimeter is taken with respect to B?
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